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ABSTRACT
This paper examines a new class of exact and self-consistent MHD solutions which
describe steady and axisymmetric hydromagnetic outflows from the atmosphere of a
magnetized and rotating central object with possibly an orbiting accretion disk. The
plasma is driven against gravity by a thermal pressure gradient, as well as by magnetic
rotator and radiative forces. At the Alfvenic and fast critical points the appropriate
criticality conditions are applied. The outflow starts almost radially but after the Alfven
transition and before the fast critical surface is encountered the magnetic pinching force
bends the poloidal streamlines into a cylindrical jet-type shape. The terminal speed,
Alfven number, cross-sectional area of the jet, as well as its nal pressure and density
obtain uniform values at large distances from the source. The goal of the study is to
give an analytical discussion of the two-dimensional interplay of the thermal pressure
gradient, gravitational, Lorentz and inertial forces in accelerating and collimating an
MHD flow. A parametric study of the model is also given, as well as a brief sketch
of its applicability to a self-consistent modelling of collimated outflows from various
astrophysical objects. The analysed model succeeds to give for the rst time an exact
and self-consistent MHD solution for jet-type outflows extending from the stellar surface
to innity where it can be superfast, in agreement with the MHD causality principle.
Key words: MHD { plasmas { stars: mass-loss { stars: atmospheres { ISM: jets and
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1 INTRODUCTION
Collimated outflows are ubiquitous in astrophysics and cos-
mic jets are observed in the radio, infrared, optical, UV and
X-ray parts of the spectrum, from the ground and space,
most recently via the Hubble Space Telescope. Classes of
objects in association with which jets are observed include
young stellar objects (Ray 1996), old mass losing stars and
planetary nebulae (Livio 1997), black hole X-ray transients
(Mirabel & Rodriguez 1996), supersoft X-ray sources (Ka-
habka & Trumper (1996), high-mass X-ray binaries, cata-
clysmic variables (Shahbaz et al 1997) and many AGN and
quasars (Biretta 1996, Ferrari et al 1996). Despite their ob-
served abundance however, several key questions on their
acceleration and collimation among others, have not been
resolved yet.
The theoretical MHD modelling of jets is not a simple
undertaking, basically due to the fact that the set of the
MHD equations is highly nonlinear with singular or critical
points appearing in their domain of solutions; these singu-
larities - through which a physical solution inevitably will
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have to pass - are not known a priori but they are deter-
mined only simultaneously with the complete solution. The
purpose of the present study is to construct systematically
a self-consistent MHD model for astrophysical jets from the
stellar base to innity where the interplay of the various
forces acting on the plasma and which are able to accel-
erate and collimate the outflow, are analytically examined.
This modelling is an improvement over the very few existing
models developed so far to the same goal. For example, it is
fully 2-dimensional (cf. Parker 1958, Weber & Davis 1967),
it does not contain singularities along the symmetry axis
and the outflow is not overfocused but extends to large dis-
tances (as e.g. in Blandford & Payne 1982, Ostriker 1997),
the equation of state is not constrained by the articial poly-
tropic assumption (as e.g. in Contopoulos & Lovelace 1994,
Heyvaerts & Norman 1989), the thermal pressure is merid-
ionally anisotropic (cf. Sauty & Tsinganos 1994), the shape
of the jet is self-consistently determined and not a priori
given (as e.g. in Cao & Spruit 1994, Kudoh & Shibata 1997,
Trussoni et al 1997), there is a steady asymptotic state (cf.
Uchida & Shibata 1985, Ouyed & Pudritz 1997a,b, Good-
son et al 1997), etc. Furthermore, a gap the present model
aspires to ll in the existing literature is the availability of a
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self consistent MHD model for jet-type outflows wherein the
jet speed is superfast at large distances from the base such
that all perturbations are convected downstream to innity
and they do not destroy the steady state solution.
In the following Sec. 2 the basic steps for a systematic
construction of this class of models are outlined. Then in
Sec. 3 we discuss the critical surfaces which determine a
physically interesting solution and in Sec. 4 the asymptotic
behaviour of such solutions. A detailed parametric study of
the model, including the solution topologies, is given in Sec.
5 and in the last Sec. 6 the connection of the dimension-
less parameters characterizing the present model to the ob-
servable physical quantities of collimated outflows is briefly
sketched.
2 CONSTRUCTION OF THE MODEL
In this section we describe in some detail how our model
can be systematically obtained from the closed set of the
governing MHD equations.
2.1 Governing equations
The kinematics of astrophysical outflows may be described
to zeroth order by the well known set of the steady (@=@t =











− ~rP − ~rV + ~Frad ; (1)








= 0 ; (2)
where ~B, ~V , −~rV = −~r (−GM=r) denote the magnetic,
velocity and external gravity elds, respectively, ~Frad the
volumetric force of radiation while  and P the gas density
and pressure.
The energetics of the outflow on the other hand is governed
by the rst law of thermodynamics :













where q is the volumetric rate of net energy input/output
(Low & Tsinganos 1986), while Γ = cp=cv with cp and cv
the specic heats for an ideal gas.
With axisymmetry in spherical coordinates (r; ; ), the az-
imuthal angle  is ignorable (@=@ = 0) and we may intro-
duce the poloidal magnetic flux function A(r; ), such that
three free integrals of A exist. They are the total specic
angular momentum carried by the flow and magnetic eld,
L(A), the corotation angular velocity of each streamline at
the base of the flow, Ω(A) and the ratio of the mass and mag-
netic fluxes, ΨA(A) (Tsinganos 1982). Then, the system of
Eqs. (1) - (2) reduces to a set of two partial and nonlin-
ear dierential equations, i.e., the r- and - components of
the momentum equation on the poloidal plane. Note that
by using the projection of the momentum equation along a















−~V ~Frad = q :(4)
For a given set of the integrals L(A), Ω(A) and Ψ(A),
equations (1) - (2) - (3) could be solved to give (r; ), P (r; )
and A(r; ), if the heating function q(r; ) and the radiation
force ~Frad are known. Similarly, one may close this system
of Eqs. (1) - (2) - (3), if an extra functional relation of q with
the unknowns , P and A exists. As an example, consider the
following special functional relation of q with the unknowns






~V  ~r ; (5)
where γ  Γ. Then, Eq. (3) can be integrated at once to
give the familiar polytropic relation between P and ,
P = Q (A) γ ; (6)
for some function Q(A) corresponding to the enthalpy along
a poloidal surface A = const. In this special case we can
integrate the projection of the momentum equation along
a stream-eld line A = const on the poloidal plane, Eq.
(4) by further assuming that ~V  ~Frad = 0, to get the well
known Bernoulli integral which subsequently can be com-
bined with the component of the momentum equation across
the poloidal eldlines (the transeld equation) to yield  and
A. After nding a solution, one may go back to Eq. (3) and
fully determine the function q(r; ). It is evident that even in
this special polytropic case with γ 6= Γ the heating function
q (not its functional form but the function q(r; ) itself) can
be found only a posteriori. Note that for γ = Γ and only
then the flow is isentropic.
Evidently, it is not possible to integrate Eq. (3) for any func-
tional form of the heating function q, such as it was possible
with the special form of the heating function given in Eq.
(5). To proceed further then and nd other more general
solutions (eectively having a variable value for γ), one may
choose some other functional form for the heating function
q and from energy conservation, Eq. (3), derive a functional
form for the pressure. Equivalently, one may choose a func-
tional form for the pressure P and determine the volumetric
rate of thermal energy a posteriori from Eq. (3), after nding
the expressions of , P and A which satisfy the two remain-
ing components of the momentum equation. Hence, in such
a treatment the heating sources which produce some spe-
cic solution are not known a priori; instead, they can be
determined only a posteriori. However, it is worth to keep in
mind that as explained before, this situation is analoguous
to the more familiar constant γ polytropic case, with γ 6= Γ.
In this paper we shall follow this approach, which is further
illustrated in the following section.
However, even with this approach, the integration of
the system of mixed elliptic/hyperbolic partial dierential
equations (1) - (2) is not a trivial undertaking. Besides its
nonlinearity, this is largely due to the fact that a physically
interesting solution is bound to cross some critical surfaces
which are not known a priori but they are determined si-
multaneously with the solution. For this reason only a very
few such self-consistent solutions are available, albeit no one
is superfast at innity. Further assumptions on the shape of
the critical surfaces are needed, as discussed in the following.
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2.2 Assumptions
In order to construct analytically a new class of exact so-
lutions, we shall proceed by making the following two key
assumptions:
(i) that the Alfven number M is some function of the di-
mensionless radial distance R = r=r?, i.e., M = M(R)
and





A () ;  = R
2
G2 (R)
sin2  ; (7)
for some function G(R).
A few words on the physical basis of the above two as-
sumptions are needed at this point. These assumptions are
expected to be physically reasonable for describing the out-
flow properties close to the rotation and magnetic axis of
the system. There, far from the distortion caused by the
presence of an accretion disk, the angular distribution of
the stellar magnetic eld may be approximately dipolar (see
Fig. 1 in Ghosh & Lamb 1979). On the other hand, regard-
ing the assumption of spherical critical surfaces, we note that
all available numerical models derive a shape of the Alfven
surface which is approximately spherical near the rotation
and magnetic axis of the system (Sakurai 1985, Bogovalov &
Tsinganos 1999, Ustyugova et al 1999). Hence, although the
analysed model may in principle extend to all angles from
the symmetry axis since it satises the governing MHD equa-
tions, its physical applicability could be constrained around
the polar regions only.
We are interested in transAlfvenic flows and denote by a
? the respective value of all quantities at the Alfven surface.
By choosing the function G(R) such that G (R = 1) = 1 at
the Alfven transition R = 1, it is evident that G(R) mea-
sures the cylindrical distance $ to the polar axis of each
eldline labeled by , normalized to its cylindrical distance
$ at the Alfven point, G (R) = $=$. For a smooth cross-
ing of the Alfven sphere R = 1 [r = r?;  = a()], the free
integrals L and Ω are related by
L
Ω
= $2(A) = r
2
? sin
2 a() = r
2
? : (8)
Therefore, the second assumption is equivalent with the
statement that at the Alfven surface the cylindrical distance




Instead of using the three remaining free functions of ,
(A ; ΨA , Ω), we found it more convenient to work instead













These functions g1(); g2(); g3() are vectors in a 3D
-space with some basis vectors u1(), u2(), u3() (Vla-
hakis & Tsinganos (1998), hereafter VT98). Note that the
forms of g1 ; g2 ; g3 or equivalently the forms of A, ΨA, Ω,
L = r2?Ω and P should be such that the two remaining
components of the momentum equation are separable in the
 and R coordinates.
2.3 The method
The main steps of the general method for getting exact so-
lutions under the previous two assumptions are briefly the
following.
First, by using  instead of  as the independent vari-
able, we transform from the pair of the independent variables
(R ; ) to the pair of the independent variables (R ; ). The
resulting form of the - component of the momentum equa-

















where f0 (R) is a free function emerging from this integra-
tion, fi (R), i = 1; 2; : : : ; are functions of the spherical radius













P = [ f0 f4 f1 f2 f5 f3 0 ] : (14)
Second, by substituting Eq. (12) in the r-component of














YXy = 0 : (16)
A key step in the method is to nd a possible set of
vectors u1(), u2(), u3() such that all components of the
matrix Y belong to the same -space. To that goal we choose
u1() = 1 and u2() = g1(). If this is the case, then our
third step is to construct a 3 7 matrix K such that
Y = [ u1 u2 u3 ]K : (17)
Then, from Eq. (16),
[ u1 u2 u3 ] KX
y = 0 ;
and since ui are linearly independent it follows
KXy = 0 : (18)




(P0 + g1P1 + u3P2) ;
where the three components of the pressure P0, P1 and P2
are
[P0 P1 P2]
y = KPy : (19)
2.4 The Model
Let us know apply this method in the construction of a spe-
cic model. We may recall that in a previous paper, (VT98),
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it was found that only nine distinct general families of such
vectors exist. One of them is,
u1() = 1 ; u2() =  ; u3() = 
 ; (20)
while the corresponding free functions are,
g1() = a ; (21)
g2() =  + 
= ; (22)
g3() = 1 +  + 0
 : (23)
For these particular choice of u1() = 1 ; u2() =
 ; u3() = 
 we nd the following form of the matrix K,
K =
24 1 0 1 0 0 0 10 1 0 1   



















Finally, from Eq. (18) using the denitions of Eqs. (15),
(24) we obtain, three ordinary dierential equations, the sys-
tem (??), for the functions of R in the model for  6= 0; 1
and  6= 0 (only then we have a 3D -space with 1 ;  ; 
linearly independent).
Altogether, let us summarize the characteristics of our










































where the ve unknown functions G2(R), F (R), M2(R),
P1(R) and P0(R) entering in the above expressions are ob-
tained from the integration of the ve rst order ordinary
dierential equations given in Appendix B, while the pres-
sure component P2(R) is given explicitly in terms of the
other variables (Appendix B).
Note that the parameters  and  determine the enclosed
poloidal current by a given magnetic surface in the outflow.
The parameters  ;  ; 0 determine the latitutianal distribu-
tion of the density. The parameter  controls the dierential
rotation. Further discussion of the physical meaning of these
parameters will be given later (Secs. 2.5, 5).
2.5 Some properties of the meridionally
self-similar model
Our model is meridionally self-similar, i.e., if we know the
shape of one eldline  = 1 we may derive the shape of
any other streamline  = 2 by moving in the meridional
direction along each cycle R = const on the poloidal plane
as illustrated in Fig. (??).
Note that the flux function A is simply proportional
to  which means that for cylindrical solutions at R  1,
the magnetic eld on the poloidal plane is uniform and its
strength is independent of , j ~Bp j1= B?=G21.




= ? (1 +  + 0
) ;
i.e., it is similar to a Taylor expansion in the cylindrical
distance $ from the rotation and magnetic axis  = 0. For
example, for  = 0:5 we have,

?









We ’ve also introduced the expansion factor






which measures the opening of the eldlines on the poloidal
plane, as illustrated in Fig. (??).
Thus, if F > 2 the eldlines turn towards the axis, if
F = 2 they expand cylindrically, if F = 0 they are purely
radial while if F < 0 the eldlines turn toward the equator
(in that case, there is a closed region near the equator). If
we eliminate F in Eq. (??) (using Eq. (??) ) we have the
second derivative of G (which corresponds to the term @
2A
@r2
of the transeld equation). So, using F us an intermediate
function we have only rst order dierential equations.
2.6 Radiative acceleration
For the radiative acceleration we have assumed two compo-
nents. The rst component is due to continuum absorption
and is set proportional to the radiative flux. It drops with
distance as r−2, similarly to gravity. If L" is the Eddington
luminocity, we may use the ratio Γ" = L=L" such that this
part of the radiative acceleration is Γ"GM=r2.
We have also assumed a second component of the radiative
acceleration due to line contribution. By adopting the op-
tically thin atmosphere aproximation (Lamers, 1986, Chen
& Marlborough 1994, Kakouris & Moussas 1997), this part
of the acceleration is simply a function of r since in gen-
eral the total number of weak lines is a function of r. Then,
the corresponding expression of the radiative acceleration is
V 2? =r?Q (R).
The combination of gravitational and radiative acceler-
ation is thus















(1− Γ") = 2GM
r?V 2?
(1− Γ") :
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Furthermore, we use for Q the aproximation of a power law,
Q (R) = 0=R
x with 0, and x constants.
In the following we shall discuss the results of the inte-
gration. Finally, we shall calculate all the other remaining
physical quantities. A parametric study will be made only
for  > 0, since for  < 0 we have  !1 as  ! 0.
For  = 0 or 1 (or equivalently for  = 0), we get
a degenerate case which needs an extra condition between
the functions of R. This case has been studied in Sauty &
Tsinganos (1994) (where the components of the pressure
P0 ; P1 are set proportional to each other) and Trussoni et
al (1997) (where the function G(R) is given a priori). Here,
in the case  = 0 we ’ve chosen this extra condition to be
f
′
5= − f8 − 0f9 = 0 (c.f., the last equation of the system
(??).
3 CRITICAL SURFACES
In the domain of the solutions there exist several critical sur-
faces. In the following we briefly discuss the physical context
of these critical surfaces.
3.1 Alfve´n critical surface
We recall that one of our goals is to investigate transalvfenic
solutions wherein L = $2Ω. By multiplying Eq. (??) with






− 2P1? = 0 ; (30)





the respective values of
these quantities at the Alfven transition R = 1. Eq. (30)
is the so-called Alfven regularity condition in the present
model. Note that if we also multiply Eq. (??) with 1−M2
and evaluate the resulting expression at the Alfven point
we get an identical expression while Eq. (??) after using
L’Hospital’s rule gives an identity.
3.2 Slow/fast critical surfaces.
In order to locate the critical surfaces where the radial
component of the flow speed equals to the corresponding
slow/fast MHD wave speeds (Tsinganos et al 1996), we need
to calculate rst the sound speed Cs at these points; to this
goal we may proceed as follows.
Consider that at some xed distance R of a given stream-
line labeled by  we make a small change in the density 
and the pressure P . We may dene the square of the sound



































using Eqs. (26) - (27). But from the dierential equa-





while from Eq. (??) after substituting dF=dR from Eq. (??)





Finally, from Eq. (??) by taking the derivative of
P2(G; M





=@M2. Substituting these derivatives in





G4 −M4 = 0.
An inspection of Eq. (??) for the Alfven number M(R)
reveals that besides the Alfven transition where M =
G = R = 1, there may be other distances Rx 6= 1






= 0. In such a case, the numer-
ator of Eq. (??) should be also set equal to zero and we have
conditions typical of a critical point (using L’Hospital’s rule
we nd two solutions for the slope of M2 in this point, i.e.,
this singularity corresponds to an x-type critical point). To
clarify the physical identity of such a critical point, we may
manipulate the denominator D and write it in the form
D = 2G2 1 +  + 0

V 2? V 4A;r

(
V 2r − V 2A;r
 











where VA, VA;r are the total and radial Alfven speeds, re-
spectively. Evidently, a critical point at Rx corresponds to
the modied by the meridional self-similarity fast/slow criti-
cal points (Tsinganos et al 1996). In other words, the sphere
R = Rx is the corresponding spherical separatrix in the hy-
perbolic domain of the system of the MHD dierential equa-
tions (Bogovalov 1996). The sound speed is well dened at
the critical points where D = 0, but it is an open question
if this denition can be extended everywhere.
4 ASYMPTOTIC ANALYSIS
According to the asymptotical behaviour of the poloidal
streamlines we may distinguish two dierent types of so-
lutions.
4.1 Cylindrical asymptotics achieved through
oscillations (Type I solutions)
In this case the poloidal streamlines undergo oscillations of
decaying amplitude and nally they become cylindrical. A
similar oscillatory behaviour is found in all physical quanti-
ties, a situation which has been already analysed in detail
(Vlahakis & Tsinganos, 1997, henceforth VT97). According
to this analysis, as R  1 we have
M2 = M21 (1 + 0") ; G
2 = G21 (1− ") ; (33)
"(r)  D
rs




M21 − 1 ; (34)
k2 =
2 (1− )
(
M21 −G41

r2?M21 (1−M21)2
; (35)
